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(Abstract)

Diffusion tensor imaging is a method of magnetic resonance imaging which allows

observation of diffusion and thus makes it possible to characterize microscopic prop-

erties of biological tissue. First research on the scalar self-diffusivity D in isotropic

media was done in 1965. Today it is well known that a scalar value is not sufficient for

describing diffusion in non-isotropic media like biological tissue. A tensor formalism

is needed to describe the directional dependency.

From the diffusion tensor, rotational invariants such as the trace or anisotropy

indices are calculated to characterize abnormal diffusion in the brain due to diseases

like stroke or schizophrenia. The diffusion tensor can also be used for investigation

of fiber orientation in the brain (tractography).

Constrained and unconstrained linear and nonlinear least squares methods are

commonly used to determine the diffusion tensor from diffusion weighted magnetic

resonance images. This work reviews these methods and extends them by using

Bayesian parameter estimation to incorporate the true noise characteristic of magni-

tude MR images which is given by the Rice distribution. The precision and accuracy

of this new technique is compared to previous methods using simulated data sets.

The shape of the posterior is examined to determine which optimization algorithm

is adequate for this problem. The Jacobian and the Hessian matrices of the posterior

are derived. They can be used for optimization algorithms on the one hand and

to derive error estimates for the best fit parameters on the other hand. The error

estimates are tested on simulated data and shown to be valid.
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I also wish to thank Anna Schüßler for keeping me motivated during the last

months.

I cannot end without thanking my parents, on whose constant encouragement and

love I have relied throughout the last years. To them I dedicate this thesis.

iv



Table of Contents

1 Introduction 1

2 Methods Of Magnetic Resonance Imaging 3

2.1 Measuring Spin Densities . . . . . . . . . . . . . . . . . . . . . . . . . 3

2.1.1 Bloch Equation . . . . . . . . . . . . . . . . . . . . . . . . . . 3

2.1.2 Relaxation And Spin Echoes . . . . . . . . . . . . . . . . . . . 4

2.1.3 Spatial localization . . . . . . . . . . . . . . . . . . . . . . . . 6

2.2 Diffusion Tensor Imaging . . . . . . . . . . . . . . . . . . . . . . . . . 8

2.2.1 Fick’s Law Of Diffusion . . . . . . . . . . . . . . . . . . . . . 8

2.2.2 Diffusion Weighting . . . . . . . . . . . . . . . . . . . . . . . . 11

2.2.3 Anisotropic Diffusion . . . . . . . . . . . . . . . . . . . . . . . 13

2.2.4 Applications Of DTI . . . . . . . . . . . . . . . . . . . . . . . 16

2.3 Noise in MRI measurements . . . . . . . . . . . . . . . . . . . . . . . 18

3 Parameter Estimation 24

3.1 Bayes’ Theorem . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 24

3.2 Linearized Solutions . . . . . . . . . . . . . . . . . . . . . . . . . . . 26

3.3 Cholesky Parametrization . . . . . . . . . . . . . . . . . . . . . . . . 29

3.4 Constrained Nonlinear Least Squares Method . . . . . . . . . . . . . 31

3.5 Rician Likelihood Method . . . . . . . . . . . . . . . . . . . . . . . . 33

3.5.1 Rician Likelihood Function . . . . . . . . . . . . . . . . . . . . 33

v



3.5.2 Derivatives Of logPR . . . . . . . . . . . . . . . . . . . . . . . 34

3.5.3 Approximations For ln (I0(x)) . . . . . . . . . . . . . . . . . . 36

3.5.4 Error Estimates . . . . . . . . . . . . . . . . . . . . . . . . . . 39

4 Optimization Algorithms 43

4.1 The Nelder-Mead-Simplex Method . . . . . . . . . . . . . . . . . . . 44

4.2 The Modified Full Newton Method . . . . . . . . . . . . . . . . . . . 45

5 Results 49

5.1 Parameter Space . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 49

5.2 Diffusion Tensor Estimates . . . . . . . . . . . . . . . . . . . . . . . . 53

5.3 Error Estimates . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 56

5.4 Conclusions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 57

Bibliography 59

A Marginalized Rice Distribution 64

B Table of Acronyms 66

vi



List of Figures

1 90◦- and 180◦-pulse . . . . . . . . . . . . . . . . . . . . . . . . . . . . 5

2 Echo train and decay times . . . . . . . . . . . . . . . . . . . . . . . 7

3 Brownian Motion of a Particle . . . . . . . . . . . . . . . . . . . . . . 10

4 Stejskal-Tanner-Sequence . . . . . . . . . . . . . . . . . . . . . . . . . 12

5 Diffusion-weighted images . . . . . . . . . . . . . . . . . . . . . . . . 15

6 Explanation of diffusion tensor anisotropy . . . . . . . . . . . . . . . 16

7 Streamline plot following major eigenvectors . . . . . . . . . . . . . . 18

8 Integral transformation to polar coordinates . . . . . . . . . . . . . . 20

9 Rice distribution . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 21

10 Percent errors in approximations for ln (I0(x)) . . . . . . . . . . . . . 38

11 Percent errors in approximations of I1(x)/I0(x) and I2(x)/I0(x) . . . 39

12 Marginalized error bar . . . . . . . . . . . . . . . . . . . . . . . . . . 41

13 Simplex in two dimensional parameter space . . . . . . . . . . . . . . 45

14 Comparison of algorithms . . . . . . . . . . . . . . . . . . . . . . . . 48

15 Two dimensional slices through parameter space . . . . . . . . . . . . 51

16 Large scaled slice through parameter space . . . . . . . . . . . . . . . 52

17 Estimates for the elements of the diffusion tensor. . . . . . . . . . . 54

18 Estimates for the traces of the diffusion tensor . . . . . . . . . . . . . 55

19 Bias of the estimate versus SNR . . . . . . . . . . . . . . . . . . . . . 55

20 Standard deviation of the estimates . . . . . . . . . . . . . . . . . . . 55

21 Histogram of error estimates . . . . . . . . . . . . . . . . . . . . . . . 57

vii



Chapter 1

Introduction

Nuclear magnetic resonance (NMR) was first observed independently by Purcell and

Bloch in 1946. Both were awarded the Nobel Prize in 1952 for their discoveries. It

became an important method for the study of chemical compounds. It took until

1973 that NMR was used for imaging by Paul C. Lauterbur and Sir Peter Mansfield

[1]. After their break-through work in this field, for which they received the Nobel

Prize in 2003, and the introduction of fourier transform spectoscopy by Anderson

and Ernst [2], this new imaging method developed quickly to become one of the most

important methods in medical research and diagnosis. The experimental techniques

have developed through the years – from a blurry picture of two tubes up to real-

time images of the beating heart. The late 1990s saw the development of functional

magnetic resonance imaging (fMRI) wihich allows imaging of brain activity.

NMR was also used for diffusion measurements since Erwin Hahn’s work on pulse

techniques in 1950 [3]. Both methods, NMR diffusion measurements and MRI, were

combined by Le Bihan et al. in 1985 and pushed forward by Basser et al. in the

early 1990s [4]. Today, the combination of these methods is known as diffusion tensor

imaging (DTI) and is used in many fields of medical and neurological research. It

allows tracking fiber bundles in the brain (tractography), locating stroke or studying

diseases such as multiple sclerosis or schizophrenia.

1



In the future these methods will be combined to allow further insights into brain

connectivity and dynamic interactions.

The diffusion tensor mathematically describes the anisotropy of the diffusion. It

can be used for further analysis like tractography. It is also needed to calculate

anisotropy indices. The purpose of this work is to develop improved methods for

diffusion tensor estimation, to compare them to other recent methods and to calculate

confidence intervals of the estimated parameters.
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Chapter 2

Methods Of Magnetic Resonance

Imaging

2.1 Measuring Spin Densities

2.1.1 Bloch Equation

MRI uses the nuclear spin (commonly of Hydrogen protons) and its behavior under

the application of external magnetic fields to obtain images of the biological tissue.

Without a magnetic field applied, the spins are randomly distributed resulting in

a null net magnetization of the medium. Under the influence of an external magnetic

field, nuclear spins precess around the field vector with an angular velocity of the

Larmor frequency,

ωL = γ B. (2.1)

The rotation axis of the proton spin is either aligned parallel or anti parallel to

the field vector due to the quantization of the spin. Since the equilibrium distribu-

tion of the spin population is given by the Boltzmann distribution, and the parallel

configuration is energetically favored, more spins are aligned parallel to the magnetic

3



field vector. For example, the ratio of parallel to antiparallel aligned hydrogen spins

for a temperature of T = 300 K and a magnetic field of B = 3 T is

N↑
N↓

= Exp

[

− µ B

kB T

]

≈ 0.99998 . (2.2)

The ratio of parallel and anti parallel spins is therefore still very close to unity, however

there is a remaining net magnetization along the magnetic field.

The influence of an external field on the net magnetization of the spin ensemble can

be derived from quantum mechanical expectation values for the spin components as

shown in [5, 6]. Including phenomenological decay terms leads to the Bloch equation:

d

dt
〈̂s〉 = − e

m
〈̂s〉 × B +













− 1
T ∗

2
〈ŝx〉

− 1
T ∗

2
〈ŝy〉

s0−〈ŝz〉
T1













(2.3)

Application of a pulsed external field puts the spins into a nonequilibrium state.

Both before and after the application of the external field, B = 0 in the rotating frame.

Equation (2.3) reduces to an exponential decay of the transversal magnetization (⊥ z-

axis) with a characteristic relaxation time T ∗
2 whereas the longitudinal magnetization

(‖ z-axis) follows a saturation curve up to s0 with a characteristic time T1. These

times depend on the environment of the spin, for example the cerebrospinal fluid has

a different relaxation time than the gray matter in the brain.

The decay and saturation processes in Equation (2.3) were introduced phenomeno-

logically, however the relaxation times can also be computed within the framework

of a given formalism such as the Redfield theory (see [6, 7]).

2.1.2 Relaxation And Spin Echoes

By applying a transversal alternating magnetic field in resonance with ωL, the net

magnetization can be rotated away from parallel alignment with Bz. The angle of this
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Figure 1: The net magnetization vector in a rotating reference frame. The π/2-pulse
flips the longitudinal magnetization into the x′− y′ plane, the π-pulse flips it into the
−z′-direction

rotation depends on the magnetic field and on its duration. In MRI this is achieved

by a radio frequency (RF) pulse. The two most important pulses are the so called

90◦- (or π
2
-) pulse and the 180◦- (or π-) pulse. The names are derived from the angle

by which the net magnetization is changed, as depicted in Fig. 1. The angle is

determined by the duration and the strength of the pulse since the angular velocity

is proportional to the B-Field.

If a 90◦ pulse is applied to a longitudinal magnetized ensemble, the net magne-

tization is flipped to the x-y-plane and rotates around the z-axis. The longitudinal

magnetization has been turned into a transversal magnetization. The spins are ro-

tating in phase with a angular velocity of ωL = γ Bz. However, due to microscopic

inhomogeneities of the B-field and spin-spin interactions, the angular velocities of the

spins are slightly different and the spins gradually dephase. This leads to a decay of

the transversal magnetization of the sample. The signal decay due to the spin-spin

interactions is tissue specific unlike the decay caused by field inhomogeneities. The

influence of the latter can be minimized by a 180◦ pulse which is described below.

The longitudinal magnetization restores to its equilibrium state because of spin-

lattice interactions. The energy absorbed from the 90◦ pulse is reemitted as RF

radiation during this relaxation process. This signal can be recorded by induction
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currents in surrounding coils.

If a 180◦ pulse is applied, Eq. (2.3) predicts that the spins are rotated by 180◦

around the axis of the applied pulse. Suppose the angle of the transversal magneti-

zation in the x-y-plane is θ(t). After some time τ , one of the spins has dephased due

to its higher angular velocity. The angle of the dephased spin is θ(t + τ) + δ(τ).

Now if a 180◦ pulse is applied along the x-axis, the angle of the net magnetization

is −θ(t) and the angle of the spin is −θ(t + τ) − δ(τ). The advance of the spin

toward the net magnetization has turned into an advance of the net magnetization.

At the time 2 τ the dephased spin will catch up with the net magnetization and the

transverse magnetization is restored. This is called the spin echo.

However only dephasing processes due to field inhomogeneities disappear at 2 τ ,

the so called spin-spin relaxation processes are not influenced. Thus, if this 180◦ pulse

method is repeated, the height of each spin echo still decays, but the decay is only

dependent on the tissue specific spin-spin interaction. The measured characteristic

time is the pure T2 time (the decay including the field inhomogeneity dephasing is

called T ∗
2 ). Both decay processes are depicted in Fig. 2.

2.1.3 Spatial localization

The previous methods allow one to measure spin intensities since the intensity of the

collected spin echo is proportional to the number of RF emitting spins. However there

is still no information about the spatial localization encoded in the signal. This can

be achieved by applying different field gradients for slice selection, phase encoding

and frequency encoding.

If the external magnetic field changes along the z-axis, then the Larmor frequency

for a spin at z is given by ωL = γ B(z). The position along the z-axis is now related

to the frequency. A slice in the x-y plane with width ∆z is described by a boxcar

function in the space domain. The fourier transform of this results in a sinc function

6
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Figure 2: Echo trains are produced by repeated 180◦ pulses. The decay of each echo
is due to inhomogeneities in the magnetic field and interactions. The decay from peak
to peak is only caused by the interactions.

in the frequency domain. By applying an RF pulse with this sinc profile in frequency,

one can excite spins in only this slice. This process is called slice selection. After

the spins in one x-y plane have been excited the position of the spins within this

plane must be encoded. This can be achieved by applying another field gradient in

the y-direction. This gradient is only applied briefly resulting in a phase shift. For

example, if the field strength at y2 is is higher than at y1 then - according to Eq. (2.1)

- the spins at y2 precess with a higher Larmor frequency. Afterwards, all spins precess

with the same frequency, but the phase shift of the spin within a row depends on the

y-coordinate of the row. Similarly, the x-coordinate can be encoded with a gradient

applied during the detection of the signal. This leads again to different precession

frequencies along the direction of the gradient. The result is that one single slot in

the x-y plane of the sample is being excited. The y-position of each spin is encoded
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in the phase and the x-position is encoded in the frequency of the signal. The process

is repeated for each slice of the sample and the spatial information is obtained by a

two dimensional Fourier transformation.

2.2 Diffusion Tensor Imaging

Spin echoes have been used for diffusion measurements since the 1950s – long before

magnetic resonance images were known. The most important work was done by Hahn

[3], Torrey [8] and also Stejskal and Tanner [9]. In the 1980s, a method combining

diffusion measurements and MRI was introduced, which gave rise to diffusion imag-

ing [10]. In the beginning of this method, diffusion was only described by a scalar

constant, but it became soon obvious that a tensor formalism is needed to describe

the anisotropy of diffusion in biological tissue. The basic principles used in diffu-

sion weighted imaging (DWI) and diffusion tensor imaging (DTI) will be discussed

in the following section. A more comprehensive introduction to DTI can be found in

[11, 12, 13] and [10].

2.2.1 Fick’s Law Of Diffusion

The first mathematical description was given by Adolf Fick in 1855 [14] which is

known as Fick’s Law of diffusion. Fick’s Law was only a phenomenological equation

and as such is not based on any first principles. In 1860 James Clerk Maxwell used

his kinetic theory of a mean free path to describe diffusion. However, Maxwell’s

derivation was not general since there exists no mean free path in liquids. In one of

his famous 1905 papers [15], Albert Einstein introduced a general derivation, however

this derivation relies on long and complicated arguments.

In 1989 Edwin Thompson Jaynes introduced an elegant derivation based on in-

ferential principles [16]: The velocity of a gas particle is easily in the order of some

hundred meter per second, but its magnitude and direction fluctuates wildly. The

8



diffusion process does not depend on this velocity, but rather on a mean velocity of

the average drift movement which is given by

v̄ =
x(t + τ) − x(t − τ)

2 τ
(2.4)

where the time τ has to be much longer than the thermodynamical timescale.

The central limit theorem states that a sum of many i.i.d. variables with finite

mean and standard deviation approaches the normal distribution. The Brownian

motion of the particle is a result of a large number of small incremental movements

due to collisions with the surrounding particles. Therefore, the probability that a

particle moves from x to y is given by a Gaussian distribution:

P (y|x, I) = A · Exp

[

−(y − x)2

2 σ2(τ)

]

(2.5)

The Gaussian distribution is symmetric. The best estimate for the next position

of the particle is therefore the mean, ȳ = x, which yields a zero mean velocity.

This misconception caused a lot of confusion. Diffusion is not a problem about the

definite prediction derived from physical equations of motion but rather a problem of

inference.

The additional information required to solve this problem is the current position

of the particle, x. The position of the particle in the past and future will be denoted

by z and y, respectively (see Fig. 3). The knowledge where the particle is now does

not determine where it will be in the future (the probability distribution for this

process is still the Gaussian centered at x) but it influences the inferences about the

position in the past.

The probability distribution of the past position can be calculated with Bayes

9



x(t)

z=x(t-τ)
y=x(t+τ)

Figure 3: Random path of a particle and its positions in the past z, in the present x
and in the future y.

theorem (which is described in detail in section 3.1) which is given by

P (z|x, I) =
P (z|I) P (x|z, I)

P (x|I)
. (2.6)

The prior probability P (z|I) is proportional to the particle density n(z),

P (z|x, I) ∝ n(z) · Exp

[

−(z − x)2

2 σ2(τ)

]

,

therefore

log (P (z|x, I)) = log(n(z)) − (z − x)2

2 σ2(τ)
. (2.7)

The most probable solution is found by maximizing Eq. (2.7):

∂logP

∂z

∣

∣

∣

∣

ẑ

= 0

∇zlog(n(z)) =
ẑ − x

σ2

ẑ = x + σ2∇zlog(n(z)) (2.8)
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From Eq. (2.4) with ẑ and ȳ = x we get the mean velocity,

v̄ =
x − (x + σ2∇zlog(n(z)))

2 τ

v̄ = − σ2∇(n)

2 τ n(z)
. (2.9)

The average flux is therefore

J = n · v̄

= − σ2

2 τ
· ∇n. (2.10)

Letting D = σ2

2 τ
yields Ficks law:

J = −D ∇n(x) (2.11)

What Einstein accomplished in his eleven page paper, Jaynes accomplishes in a few

lines.

2.2.2 Diffusion Weighting

The pulse sequence of an MRI experiment can be designed to be diffusion weighted.

The most commonly used pulse sequence is called Stejskal-Tanner-Sequence [9] and

is depicted in Fig. 4. If an additional gradient is applied along any direction, the

precession frequency of the spins changes according to the change of field strength at

their position. As the pulse is turned off, the spins precess with their former frequency

but different phases.

If a spin is located at x1, and the magnetic pulse is applied in the x-direction for

the duration δ, then the phase shift is

φ1 =

∫ δ

0

∆ω dt = γ G x1 δ, (2.12)
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τ δ τ δ

δ δ

90° − Pulse 180° − Pulse

measured
signal

HF−Pulse

gradient
fields

time

Figure 4: The Stejskal-Tanner-Sequence. The two gradient pulses before and after the
180◦ pulse cause the diffusion weighting. Spins diffusion along this gradient will have
a different phase shift. This phase shift results in a decrease of net magnetization.

where G = ∆B/∆z is the gradient strength. After this dephasing gradient pulse, the

180◦ pulse flips the phase shift: φ1 → −φ1. If a gradient pulse is applied again the

phase is shifted by

φ2 = γ G x2 δ. (2.13)

This gradient pulse rephases the spins as long as they do not change their position

(x1 = x2). If the position of the spin has changed due to diffusion then ∆φ =

γ G δ (x2 − x1) 6= 0 and the rephasing is not perfect. This results in a decrease of the

net magnetization.

The net magnetization is a sum over all magnetic moments

M = M0

N
∑

j=1

ei φj = M0

N
∑

j=1

ei γ G δ ∆xj , (2.14)

where M0 is the transversal magnetization and ∆x = x2 − x1 is the difference in the

x-position. In the limit as N → ∞, M can be computed as an expectation value. In

DWI only the diffusion coefficient along one direction is measured, which reduces this

to a one-dimensional problem. As mentioned in section 2.2.1, the probability distri-

12



bution for the one-dimensional Brownian motion of the spins is given by a Gaussian

[17],

P (∆x|, τ) =
1

√

(4 π δ τ)
Exp

[

− ∆x2

4 D τ

]

. (2.15)

The mean value of the magnetization is therefore

M = M0

∫ ∞

−∞
ei γ G δ ∆x 1

√

(4 π δ τ)
e−

∆x2

4 Dτ dx

= M0 e−(γ G δ)2 τ D. (2.16)

This is called the Stejskal-Tanner Equation and is commonly written as

M = M0 e−b D (2.17)

where

b = (γ G δ)2 τ (2.18)

is called the b-factor. This factor depends on the shape and duration of the pulse.

Since a gradient pulse can not be perfectly rectangular shaped due to experimental

constraints, a time integral of the gradient strength over the duration of the pulse has

to be computed instead of Eq. (2.18). Further details can be found in [18] and [12].

Measurements with different b-factors along the same gradient direction are called

diffusion weighted images (DWI).

2.2.3 Anisotropic Diffusion

In isotropic media, diffusion is described by Fick’s Law, Eq. (2.11). If the medium

is anisotropic, the diffusion coefficient depends on the direction. This directional
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dependency is described by a tensor and Fick’s law can be generalized to [4]:













Jx

Jy

Jz













= −













Dxx Dxy Dxz

Dyx Dyy Dyz

Dzx Dzy Dzz













·













∂C
∂x

∂C
∂y

∂C
∂z













(2.19)

Diffusion of uncharged particles is a symmetric process, hence the diffusion tensor is

symmetric [19, 4]. However, the anisotropy of the medium leads to off-diagonal terms

in the diffusion tensor D. Isotropic diffusion can be described by a diagonal diffusion

tensor with equal elements. The off-diagonal terms couple fluxes and concentration

gradients in orthogonal directions. If the diffusion coefficient is replaced by a tensor,

the b-factor in Eq. (2.17) is no longer only a scalar, it needs to contain coupling

constants for each main axis direction of the tensor. In general, the tensor is not

oriented along the reference frame of the MRI scanner, therefore off-diagonal coupling

constants are needed as well. The b-factor becomes the b-matrix and the Stejskal-

Tanner equation is written as [20]

M = M0 e−
∑

i

∑

j bij Dij (2.20)

The b-matrix consists of products of the elements of the gradient directions

[b]i,j = bi bj (2.21)

This enables one to write the Stejskal-Tanner Equation in matrix notation:

M = M0 e−b vT ·D·v (2.22)

Here, b denotes the time integral over the gradient and determines the strength of the

diffusion weighting, and v is the unit vector in the direction of the diffusion weight-

ing gradient pulse. Since the diffusion tensor is symmetric, it has six independent
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parameters. Hence, at least six weighted measurements with non collinear directions

are needed to determine the tensor completely.

Eq. (2.22) describes an exponential decay caused by diffusion. This means that

the exponent has to be negative. Since the b-factor is always positive, the following

condition must be true:

vT · D · v > 0 (2.23)

According to [21] this is the definition of a positive definite matrix D. This

positive definite constraint on the diffusion tensor will be useful for the estimation

of the tensor. For diffusion tensor imaging, diffusion weighted images are taken with

different gradient directions and b-factors along with at least one unweighted image.

A set of one unweighted and eight diffusion-weighted images1 is shown in Fig. 5.

Figure 5: The top left image is an unweighted MRI image, the other eight images are
diffusion-weighted along different gradient directions.

1 Images are courtesy of Babak Ardekani, Center for Advanced Brain Imaging, Nathan Kline
Institute, Orangeburg, New York
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2.2.4 Applications Of DTI

Brain tissue is an highly anisotropic medium. The nerve cells are mainly positioned on

the cortex of the brain (gray matter), whereas the axons (white matter), which act as

the wiring, are mostly inside the brain. These connections are often bundled together

into nerve cords. Diffusion inside and outside the axons is therefore constrained if its

direction is perpendicular to the axis of the nerve cord. This is schematically shown

in Fig. 6 This explanation is however not complete, the real cause of the diffusion is

λ 1

λ 2

λ 3

Figure 6: Schematic explanation of the anisotropy of diffusion inside the brain. The
nerve cords suppress diffusion perpendicular to the axis of the bundle. The λs denote
the three eigenvalues of the diffusion tensor.

still subject of current research [22].

The fact that water molecules probe the microscopic structure of the tissue beyond

the possible resolution of MRI and that diffusion is a new way to describe different

properties of the tissue makes it such a powerful method. Some of the most important

applications will briefly be mentioned in this section.

Stroke and traumatic injury

Usual MRI methods can detect stroke, but it usually takes about three hours until

these methods become sensitive to stroke. DWI/DTI measurements show anomalous

diffusion in the affected tissue already in the acute stage [23]. Reduced diffusion in
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ischemic regions results in bright spots in diffusion weighted images. It is even pos-

sible to distinguish between early, subacute and late phase of stroke [10, 24]. Unlike

DWI, DTI is also sensible to fiber-tract organizations such as axonal loss and incom-

plete remyelination following a stroke. The early detection of brain damage following

traumatic injury can also be visualized with DWI/DTI. DTI allows investigation of

the affected fiber tracts.

Surgical planning

Surgery on Brain tumors is very dangerous since nerv cords surrounding the tumor can

easily be damaged. DTI is the only non-invasive method that can provide estimates

of brain connectivity. It can differentiate beween tumor tissue and surrounding fiber

tracts. DTI can therefore be used for surgical planning in order to avoid damage to

normal tissue surrounding a brain tumor [25].

Schizophrenia

The cause of schizophrenia is still unknown. DTI is used in this field of research since

rotational invariants show anomalous behavior in some fiber tracts of diseased pa-

tients, especially in the corpus callosum which connects both hemispheres [26]. Other

diseases that are believed or known to be related to brain white matter dysfunctions,

such as multiple sclerosis or Alzheimer’s disease are investigated this way as well [20].

Tractography

Following the main direction of the diffusion tensor (i.e. the eigenvector with the

largest eigenvalue) makes is possible to infer the anatomical connections in the brain.

Large fiber tracts can be detected this way, however crossing fibers are still a major

problem. This method is a very recent topic in neurological research since it can be

combined with functional MRI measurements to investigate brain connectivity [20].
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A very simple streamline plot2 produced from DTI data3 is shown in Fig. 7. It can

be seen, that diffusion in the analyzed area is mainly directed along the sagittal axis.

(a) Whole slice (b) Magnification

Figure 7: A simple 2D streamline plot with starting points in the region around the
corpus callosum. The lines follow the eigenvectors with the largest eigenvalue.

2.3 Noise in MRI measurements

The noise in raw MRI data is assumed to be Gaussian with a standard deviation larger

than the digital roundoff error which is therefore usually ignored [13]. The data is

collected from the quadrature detectors and is processed by a Fourier transformation

returning a complex and an imaginary part. The Gaussian characteristics of the signal

will be preserved by this transformation since it is a linear and orthogonal transform

[27].

The signal consists of a real and an imaginary part

A = AR + i AI (2.24)

2 The Streamlines are computed by the streamline function in Matlab R©, The Mathworks Inc.,
Natick, MA, USA

3 The DTI data for this plot is courtesy are courtesy of Babak Ardekani, Center for Advanced
Brain Imaging, Nathan Kline Institute, Orangeburg, New York
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Without loss of generality, the orientation of the coordinate system can be rotated so

that the signal corresponds to the real axis [28]. Now, by adding the real (Nx) and

imaginary (Ny) noise terms, Eq. (2.24) can be written as

AN = A + Nx + i Ny = S · ei φ (2.25)

The image is usually derived by taking the magnitude of this complex signal. This is

a nonlinear transform which does not preserve the Gaussian noise distribution:

S =
√

(A + Nx)2 + (Ny)2 (2.26)

The Gaussian distribution is given by

P (x|µ, σ) =
1√

2 πσ2
e−

(x−µ)2

2 σ2 (2.27)

The joint probability of the real and the imaginary noise is a simple product since

both are independent

P (Nx, Ny|σ,A) =
1

2 πσ2
e−

N2
x+N2

y

2 σ2 (2.28)

The distribution of the magnitude signal S can be derived by a change of coordinates

from (Nx, Ny) to (S, φ) where:

x = S cos φ − A

y = S sin φ

(2.29)

The Jacobian determinant of this coordinate transformation is given by:

∣

∣

∣

∣

∂(x, y)

∂(S, φ)

∣

∣

∣

∣

=

∣

∣

∣

∣

∣

∣

∣

cos φ sin φ

−S sin φ S cos φ

∣

∣

∣

∣

∣

∣

∣

= S (2.30)
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Figure 8: The integral is transformed to polar coordinates centered around (A, 0)

Using Eq. (2.30) and Eq. (2.29) in Eq. (2.28) yields

P (S, φ|σ,A) =
S

2 πσ2
e−

(S cos φ−A)2+(S sin φ)2

2 σ2

=
S

2 πσ2
e−

S2+A2

2 σ2 e−
S A cos φ

σ2 (2.31)

The probability density function for the magnitude signal S is derived by marginal-

izing Eq. (2.31) over φ:

P (S|σ,A) =
S

2 πσ2
e−

S2+A2

2 σ2

∫ 2π

0

e−
S A cos φ

σ2 dφ (2.32)

The integral in Eq. (2.32) can be decomposed in two integrals over the intervals

[0, π] and [π, 2π]. Since the cosine is 2π-periodic, the second integration range can

be shifted by −2π to [−π, 0]. Changing the direction of integration and substituting

φ → −φ, both yield a factor of −1 which cancel out. This way, the integral in Eq.

(2.32) can be written as
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∫ 2π

0

e−
S A

σ2 cos φdφ = 2π

∫ π

0

1

π
e−

S A

σ2 cos φdφ (2.33)

The remaining integral is an integral representation of the modified Bessel function of

the first kind and order zero [29]. Therefore the probability density function becomes

PRice(S|σ,A) =
S

σ2
· e−S2+A2

2 σ2 · I0

(

S A

σ2

)

(2.34)

which is called the Rice distribution after Stephen O. Rice [30].
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Figure 9: The Rice distribution for different signal to noise ratios (SNR). In these
plots σ = 1 is fixed and the amplitude is varied. The vertical lines denote the position
of A for the different curves. A = 0 coincides with the zero axis.

For signal to noise ratios greater than A/σ ≥ 3, the Rice distribution starts to

approximate the Gaussian distribution. The Rayleigh distribution is the limiting case

for A/σ = 0 [27].

The σ in these measurements is unknown. One method to account for this is to

marginalize the probability distribution over σ using a Jeffrey’s non informative prior
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[31],

P (σ|I) ∝ 1

σ
(2.35)

which is chosen because it is independent of the choice of scale.

In the case of a Gaussian distribution, this marginalization would give

P ({x}|µ, I) ∝
∫ ∞

0

1

σ

(

1√
2π σ2

)N

Exp

[

−
∑N

i=1(xi − µ)2

2 σ2

]

dσ

∝ (2π)−
N
2

∫ ∞

0

yN−1 Exp

[

−1

2

N
∑

i=1

(xi − µ)2 y2

]

dy

∝ 1

2

1√
πN

Γ

(

N

2

)

[

N
∑

i=1

(xi − µ)2

]−N
2

(2.36)

which is called the Student-t distribution [32, 31].

The same approach was attempted with the Rice distribution. For the case of one

measurement, the integral can be calculated, which is shown in appendix A. However,

the resulting distribution is not normalizable. The marginalization over σ in the case

of N measurements has not been completely solved yet.

Another approach is to estimate the σ from the data. According to [27] it can

be estimated from regions where only noise is present by looking at the mean of

the Rayleigh distribution since this is the limiting case for SNR = 0. The Rayleigh

distribution is given by

PR(S|σ) =
S

σ2
e−

S2

2 σ2 (2.37)

the mean and variance of which are

〈S〉 = σ

√

π

2

Var(PR) =
(

2 − π

2

)

σ2

(2.38)

Calculating the mean and variance of background data and comparing them to Eq.
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(2.38) yields an estimate of the Gaussian sigma underlying the Rice distributed data.
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Chapter 3

Parameter Estimation

3.1 Bayes’ Theorem

Bayes’ Theorem is named after, Reverend Thomas Bayes (1702–1761) who used it to

compute inverse probabilities. This was found in his paper which was published by

a friend after his death [33]. It is easily derived as a rewritten form of the product

rule of probability which has been discovered before. Its generality was discovered

by Laplace (1774) who was also the first to use it in a wide variety of problems of

inference [34]. The following section shows how Bayes’ Theorem can be used for

parameter estimation of the diffusion tensor.

The product rule of probability is

P (M,D|I) = P (M |D, I) · P (D|I) (3.1)

where M and D are logical statements and I denotes all known prior information,

the comma denotes AND. Since the AND is commutative, the product rule can be

rewritten as

P (M,D|I) = P (D,M |I)

P (M |D, I) · P (D|I) = P (D|M, I) · P (M |I)

(3.2)
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Bayes theorem is derived by solving for one of the probabilities

P (M |D, I) =
P (D|M, I) · P (M |I)

P (D|I)
(3.3)

This equation becomes interesting for data analysis if D is associated with data

and M with model. In this case, Eq. (3.3) gives the probability of the model (depend-

ing on some parameters) given the data. Maximizing this probability by adjusting the

parameters of the model yields the set of parameters that has the highest probability

given both the experimental data and one’s prior info. To be able to do this, the

different term on the right hand side of Eq. (3.3) need to be known.

P (D|M, I) is called likelihood. It is the probability of measuring the data

given that the hypothesized model is assumed to be true. It is

often a description of the probability distribution of the noise. The

likelihood can also represent uncertainty regarding the adequacy

of the model. If it were a measurement without noise, this term

would become a delta function (or the Kronecker delta for discrete

values). In many cases this is a Gaussian distribution, in the case

of magnitude MR data, the distribution is Rician.

P (M |I) is called prior probability. It encodes the prior information about

the parameters in a probability distribution. A maximum entropy

distribution can be used to incorporate the effects of known con-

stants (like moments of the distribution) and assume nothing be-

yond.
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P (D|I) is called evidence. It is a normalization factor since it does not de-

pend on the model parameters. Since a constant does not change

the position of a maximum, it can often be absorbed into a pro-

portionality for parameter estimation. The evidence is useful for

comparing the probabilities of the solutions of different models to

select the most probable model.

As shown in [35], Bayes’ rule is a special case of the method of Maximum relative

Entropy (ME) for information in the form of data. Since the constraint of positive

definiteness of the diffusion tensor can not be written in the form of moments, Bayes’

theorem is used in this case. The constraint is implemented by hard coding it in the

algorithm or by a special parametrization which yields only positive definite tensors.

3.2 Linearized Solutions

The Stejskal-Tanner equation is a transformable linear equation. This means that

it can be transformed into a linear equation by taking the logarithm of both sides.

However this does not conserve the noise distribution since it is not a linear transfor-

mation.

As already seen in Eq. (2.19), the diffusion tensor contains six independent pa-

rameters which will be denoted by

D =













D1 D2 D3

D2 D4 D5

D3 D5 D6













(3.4)
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To simplify the problem, the exponent in Eq. (2.22) is rewritten:

−b vT · D · v = −b (D1 v2
1 + 2 D2 v1 v2 + D4 v2

2 + 2 D3 v1 v3 + 2 D5 v2 v3 + D6 v2
3)

=
6
∑

j=1

Wj βj

(3.5)

Where

W = −b
(

v2
1, v

2
2, v

2
3, 2 v1 v2, 2 v2 v3, 2 v1 v3

)

(3.6)

encodes the gradient vector design and

β = (D1, D4, D6, D2, D5, D3)
T (3.7)

is the parameter vector.

Since more than one measurement is necessary to determine all six parameters, this

notation can be extended. All gradient directions and the according weighting factors

can be put into the W matrix which is therefore called the gradient design matrix

(vij denotes the jth component of the i-th gradient vector if N different directions

were used):

W =













v2
11 v2

12 v2
13 2 v11 v12 2 v12 v13 2 v11 v13

...
...

...
...

...
...

v2
N1 v2

N2 v2
N3 2 vN1 vN2 2 vN2 vN3 2 vN1 vN3













(3.8)

Using these notations, the logarithm of the Stejskal-Tanner equation, Eq. (2.22), can

be rewritten and the signal measured along the i-th gradient direction is calculated

as

ln

(

Mi

M0

)

=
6
∑

j=1

Wj βj (3.9)

This model can now be used for a linear least squares fit which minimizes the least
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squares of the difference between the model and the data:

fLLS(β) =
N
∑

i=1

(

ln

(

Si

S0

)

−
6
∑

j=1

Wij βj

)2

(3.10)

Letting

y =

(

ln

(

Si

S0

)

, . . . , ln

(

SN

S0

))T

(3.11)

simplifies the following calculation: The least squares estimator β̂ has to satisfy the

following condition:

∇ fLLS(β)
∣

∣

∣

β̂

!
= 0 (3.12)

The derivative is carried out for a component:

∂f(β)

∂βk

= 2
N
∑

i=1

[(

yi −
6
∑

j=1

Xij β̂j

)

· (−1) ·
6
∑

j=1

Xij δjk

]

= −2
N
∑

i=1

[(

yi −
6
∑

j=1

Xij β̂j

)

Xi,k

]

!
= 0

This equation is true for each component if

y = W β̂ (3.13)

Since W is in general not a square matrix, Eq. (3.13) is solved for β̂ by the pseu-

doinverse W+

β̂ = W+y (3.14)

As in [36], this linear solution can be extended to a 7-parameter model in which the

unweighted signal S0 is unknown as well. In this case both the parameter vector and

the gradient encoding matrix are extended:

β = (ln(S0), D1, D4, D6, D2, D5, D3)
T (3.15)
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W =













1 −b1v
2
11 −b1v

2
12 −b1v

2
13 −2b1 v11v12 −2b1 v12v13 −2b1 v11v13

...
...

...
...

...
...

...

1 −bNv2
N1 −bNv2

N2 −bNv2
N3 −2bN vN1vN2 −2bN vN2vN3 −2bN vN1vN3













(3.16)

The linearized solution gives a first estimate for the diffusion tensor, however it has

to be noted that it has two major drawbacks:

• The noise is Rician distributed, so taking the logarithm of the data would skew

the noise distribution. The least squares estimation is derived from a Gaussian

likelihood which takes neither of these facts into account.

• The linearized solution does not take into account that the diffusion tensor is

positive definite

However, the linearized solution is an analytic solution which can be solved very fast.

It can be used as a starting point for more advanced estimation methods which are

described later.

3.3 Cholesky Parametrization

As mentioned in Section 2.2.3, the diffusion tensor is known to be positive definite

and symmetric. According to this, the trace of the tensor has to be greater than

zero. Rotational invariants such as the trace or anisotropy indices are usually used

in neuroscience to investigate abnormal diffusion in the brain [26].

The noise in DTI measurements can lead to results that are not in agreement with

the positive definiteness constraint, so estimation methods are needed, which produce

only positive definite answers.

The most common solution for this problem is the Cholesky decomposition [37, 38]

which will be described in this section:
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If a matrix R is given by

R =













R1 R2 R3

0 R4 R5

0 0 R6













(3.17)

where R1,R4,R6 > 0 then the matrix product R · RT is

R · RT =













R2
1 R1 R2 R1 R3

R1 R2 R2
2 R2

4 R2 R3 + R4 R5

R1 R3 R2 R3 + R4 R5 R2
3 + R2

5 + R2
6













(3.18)

According to [39], a symmetric matrix is positive definite if and only if all its principal

minors are positive. The (i, j)-minor is the determinant of the matrix derived by

removing the i-th row and the j-th column of a matrix. The principal minors are

the (i, i)-minors. As can be easily seen in Eq. (3.18), this is always the case for the

matrix RT · R. If a estimation method uses a diffusion tensor parameterized in the

form D = RT · R, then the solution will always be positive definite.

A decomposition from D to R will also be needed. The equation

D = RT · R (3.19)
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can be solved for each component of D which gives the following results:

R1 = ±
√

D1

R2 =
D2

R1

R3 =
D3

R1

R4 = ±
√

D4 − R2
2

R5 =
D5 − R2R3

R4

R6 = ±
√

D6 − R2
3 − R2

5

(3.20)

This can be used to rewrite a positive definite, symmetric 3-by-3 matrix into the

Cholesky parametrization. Since the linearized solution will be used as a starting

point for advanced methods, it needs to be positive definite to be decomposed ac-

cording to Eq. (3.20). Every real, symmetric matrix A can be decomposed into

A = U · D · UT (3.21)

where UT · U = 1 and D is a diagonal matrix containing the eigenvalues of A [38].

The eigenvalues can be changed to be positive (for example by taking the magnitude).

The positive definite matrix APSD is then obtained by

APSD = U · D′ · UT (3.22)

3.4 Constrained Nonlinear Least Squares Method

This section describes the Constrained Nonlinear Least Squares (CNLS) Method after

Koay et al. [36]. The basic idea is to perform a least squares fit, but unlike the linear

solution, the unmodified data is used. The method of least squares is based on a

Gaussian distribution of the noise. As described in section 3.1, the joint posterior
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probability P (M |D, I), which is given by

P ({Mi} | {Di} , I) =
N
∏

i=1

1√
2 πσ2

e−
(Mi−Si)

2

2σ2 (3.23)

is to be maximized. Taking the logarithm of this probability distribution does not

change the position of a maximum in the parameter space (only its height). Addi-

tionally, it simplifies the equations and has numerical advantages. Constant factors or

summands can also be omitted. The logarithm of P ({Mi} | {Di} , I) shall be denoted

by logP (R).

logP (R) = −
N
∑

i=1

(

Si − exp

(

7
∑

j=1

Wijβj

))2

(3.24)

Here W is the same gradient encoding matrix as in Eq. (3.16), the parameter vector

is now rewritten in the Cholesky parametrization: the elements of the diffusion ten-

sor D in Eq. (3.15) are replaced by their Cholesky parameterized equivalents from

Eq. (3.20). The standard deviation of the noise, σ is assumed to be equal for each

measurement and can therefore also be omitted. Any unconstrained optimization

algorithm can be used to maximize logP (R). The solution will always be positive

definite since the constraint is implemented in the parametrization. Different opti-

mization algorithms are discussed in section 4. The derivatives of logP (R), which

can be used for optimization can be found in [36].

The results of the CNLS estimate have been shown to be biased to small trace

values [36]. This is a result of the Gaussian likelihood function. The maximum of the

Rice distribution is shifted to the right of the true amplitude. Using a Gaussian like-

lihood leads therefore to an overestimated signal which results in an underestimation

of the diffusivity.
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3.5 Rician Likelihood Method

This section discusses the Bayesian approach to constrained diffusion tensor estima-

tion and represents the main innovation of this thesis. To avoid any bias as in the

CNLS method, the true noise distribution – the Rice distribution – is used.

3.5.1 Rician Likelihood Function

The joint probability distribution of the Rice distributed data {Si}, given the modeled

signals {Mi} is given by

PRice({Si}|σ, {Mi}) =
N
∏

i=1

Si

σ2
· e−

S2
i +M2

i
2 σ2 · I0

(

Si Mi

σ2

)

(3.25)

Again, the logarithm of this probability distribution is used, which shall be denoted

by logPR(Mi)

logPR(Mi) =
N
∑

i=1

{

ln

(

Si

σ2

)

− S2
i + M2

i

2 σ2
+ ln

(

I0

(

Si Mi

σ2

))}

. (3.26)

The constant summands can again be dropped, which gives the following log-likelihood

logPR(Mi) =
N
∑

i=1

{

− M2
i

2 σ2
+ ln

(

I0

(

Si Mi

σ2

))

.

}

(3.27)

The Mi are calculated by the Stejskal-Tanner equation, either in the normal tensor

parametrization or in the Cholesky parametrization which leads to positive definite

solutions. If positive definite solutions are to be achieved with the normal tensor

parametrization, then the constraint has to be implemented by if-statements. All

three principal minors of D have to be tested to be positive definite. If any of these

is non positive, then this set of parameters is to be rejected by returning logP (Mi) =

−∞. This check slows down the algorithm and also leads to discontinuities in the

logP -function.
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3.5.2 Derivatives Of logPR

The derivatives of the logPR-function are useful for gradient-ascent search algorithms

as well as for error estimation. Since the derivatives of the function depend on the

parametrization, first the derivatives of logPR with respect of Mi are calculated.

The derivatives of the Stejskal-Tanner equation with respect to the parameters are

calculated afterwards for both parametrizations.

The first derivative of logPR with respect to the model parameters is

∂logPR

∂Pj

=
N
∑

i=1

{

−Mi

σ2
∂jMi +

1

I0

(

Mi Si

σ2

) · I1

(

Mi Si

σ2

)

· Si

σ2
· ∂jMi

}

(3.28)

To simplify the notation, the derivative of logPR with respect to the i-th model

parameter is written as

∂M

∂Pi

= ∂iM. (3.29)

The derivatives ∂jMi denote the derivative of the i-th model signal with respect to

the jth parameter (depending on the parametrization).

Differentiating a second time with respect to Pk yields:

∂j∂klogPR(Mi) =
N
∑

i=1

{

−∂kMi · ∂jMi

σ2
− Mi

σ2
· ∂j,kMi

−
(

I1

(

Mi Si

σ2

)

I2
0

(

Mi Si

σ2

) · Si

σ2
∂kMi

)

· I1

(

Mi Si

σ2

)

· Si

σ2
∂jMi

+

[

1

2

(

I0

(

Mi Si

σ2

)

+ I2

(

Mi Si

σ2

))

· Si

σ2
· ∂kMi

]

· 1

I0

(

Mi Si

σ2

) · Si

σ2
∂jMi +

I1

(

Mi Si

σ2

)

I0

(

Mi Si

σ2

) · Si

σ2
· ∂j,kMi

}

(3.30)
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Expanding and ordering by the derivatives of the model gives

∂j∂klogPR(Mi) =
N
∑

i=1

{

∂kMi · ∂jMi

{

− 1

σ2
−
(

I1

I0

Si

σ2

)2

+
1

2

(

Si

σ2

)2

+
1

2

I2

I0

(

Si

σ2

)2
}

+

∂j,kMi

{

−Mi

σ2
+

I1

I0

Si

σ2

}}

(3.31)

For simplicity, the arguments of the modified Bessel functions I0,I2 and I0 have been

omitted. In this equation, the derivatives of the model Mi with respect to the pa-

rameters are inserted.

Since the modeled signal Mi, calculated by the Stejskal-Tanner Equation, is an

exponential decay, the derivatives are therefore especially easy to calculate. Since

every derivative produces only an additional factor, it is also easy to implement these

derivatives computationally.

The notation is chosen according to the one used in the algorithm: each parametriza-

tion has seven parameters, (P1, . . . , P7). The first parameter is the unweighted signal

M0, the other parameters are either the elements of the diffusion tensor (P2 = D1, . . . )

in the non Cholesky parametrization, or the elements of the Cholesky decomposition

of the diffusion tensor (P2 = R1, . . . ). For the non Cholesky parametrization, the

derivatives are:

∂1Mi =
1

M0

· Mi

∂2Mi = −bi · v2
i1 · Mi

∂3Mi = −bi · 2vi1vi2 · Mi

∂4Mi = −bi · 2vi1vi3 · Mi

∂5Mi = −bi · v2
i2 · Mi

∂6Mi = −bi · 2vi2vi3 · Mi

∂7Mi = −bi · v2
i3 · Mi (3.32)
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The derivatives of the Cholesky parametrized model are:

∂1Mi =
1

P1

· Mi

∂2Mi = −bi

(

2P2v
2
i1 + 2P3vi1vi2 + 2P4vi1vi3

)

· Mi

∂3Mi = −bi

(

2P3v
2
i1 + 2 (P2 + P5) vi1vi2 + 2P3v

2
i2 + 2 (P6vi1 + P4vi2) vi3

)

· Mi

∂4Mi = −bi

(

2P4v
2
i1 + 2P6vi1vi2 + 2 (P2vi1 + P7vi1 + P3vi2) vi3 + 2P4v

2
i3

)

· Mi

∂5Mi = −bi

(

2P3vi1vi2 + 2P5v
2
i2 + 2P6vi2vi3

)

· Mi

∂6Mi = −bi

(

2P4vi1vi2 + 2P6v
2
i2 + 2 (P3vi1 + (P5 + P7) vi2) vi3 + 2P6v

2
i3

)

· Mi

∂7Mi = −bi

(

2 (P4vi1 + P6vi2) vi3 − 2P7v
2
i3

)

· Mi

(3.33)

3.5.3 Approximations For ln (I0(x))

The arguments of the Bessel functions in Equations (3.27)-(3.31) are Mi · Si/σ
2. For

high SNR, these functions grow exponentially. For a SNR of 15, I0 is on the order of

1096, for a SNR of 20 it explodes to 10172. These values get scaled down since in all

equations above, either the logarithm of the value is used or two Bessel functions are

divided by each other. However this happens after the values of the Bessel functions

are evaluated. Since these values easily become too big for normal machine precision,

which in Matlab R© is limited to ≈ 1.8 × 10308, approximations for ln(I0), I1/I0 and

I2/I0 are needed.

A solution to this problem can be found in [40]. According to [29], the modified

Bessel function of the first kind has an asymptotic behavior:

Iν(x) ≈ ex

√
2π x

(

1 − 4 ν2 + 1

8x
+

(4 ν2 − 1)(4 ν2 − 9)

2! (8x)2

−(4 ν2 − 1)(4 ν2 − 9)(4 ν2 − 25)

3! (8x)3
+ . . .

) (3.34)

Therefore the logarithm of the modified Bessel function of the first kind and order
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zero can be written as

ln (I0(x)) ≈ x − 1

2
ln (2πx) · ln

(

1 +
1

8x
+

9

2 (8x)2 +
9 · 25

3! (8x)3

)

(3.35)

To improve the speed of the algorithm, an approximation for small values can be used

too. Using the series expansion from [29],

Iν(x) =

(

1

2
x

)ν ∞
∑

k=0

(

1
4
x2
)k

k!Γ(ν + k + 1)
(3.36)

gives for ν=0

I0(x) ≈ 1 +
x2

4
+

x4

64
+

x6

2304
+

x8

147456
(3.37)

The logarithm can be expanded to

ln(x + 1) =
∞
∑

n=1

(−1)n xn

n
(3.38)

Using Eq. (3.37) in Eq. (3.38) gives

ln (I0(x)) ≈ x2

4
− x4

64
+

x6

576
− 11x8

49152
+ O(x)10 (3.39)

Similarly, approximations around x = 1 and x = 2 are derived. The intersection of

the different approximations are computed numerically and used to define a piecewise-

defined function approximating the ln(I0) for the whole positive real axis. A plot of

the different approximations is shown in Fig. 10

Further approximations need to be done for the fractions I1/I0 and I2/I0. For

large values, Eq. (3.34) can be used again. The exponential term ex in Eq. (3.34) is

independent of ν as is the root
√

2πx. These terms cancel out and the fractions are
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Figure 10: Percent errors in the approximations for the logarithm of the modified
Bessel function of the first kind and order zero. Approximations around x = 0, 1, 2
are shown as well as the asymptotic behavior for large values. The maximum error
of the piecewise defined function is 0.036 %.

therefore given by:

I1(x)

I0(x)
≈

1 − 3
8x

+ 3·(−5)
2!(8x)2

− 3·(−5)·(−21)
3!(8x)3

+ . . .

1 + 1
8x

+ 9
2!(8x)2

+ 9·25
3!(8x)3

+ . . .
(3.40)

I2(x)

I0(x)
≈

1 − 15
8x

+ 15·7
2!(8x)2

+ 15·7·9
3!(8x)2

+ . . .

1 + 1
8x

+ 9
2!(8x)2

+ 9·25
3!(8x)3

+ . . .
(3.41)

For small values, a Taylor expansion around x = 0 is done. The approximation is

again a piecewise defined function using the Taylor expansion up to the intersection

and the asymptotic behavior after the intersection. It should be noted, that the

asymptotic behavior is a very good approximation for large arguments, perceivable

errors occur only for small arguments as shown in Figures 10 and 11.
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Figure 11: Percent Errors in approximations for a) fraction of I1(x)/I2(x) and b)
fraction of I1(x)/I2(x). The position and height of the maximum error is shown by
the black line.

3.5.4 Error Estimates

To have a useful summary of the posterior probability, it is necessary to give not

only the best estimate but also its reliability. The reliability depends on the peak

surrounding the solution in the parameter space. A very narrow peak would result in

small error bars which means that the estimate is very precise. A measure of reliability

can be found using the second derivatives of the posterior probabilities [31]:
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The best estimate is a maximum of the posterior obeying the following conditions:

∂logP (x)

∂xi

∣

∣

∣

∣

∣

x0

!
= 0 (3.42)

where xi are the parameters and x0 is the optimal solution.

Around this maximum, the posterior can be approximated by a multidimensional

Taylor expansion:

L := logP (x0) +
1

2

M
∑

i=1

M
∑

j=1

∂2logP

∂xi ∂xj

∣

∣

∣

∣

∣

x0

(xi − x0i) (xj − x0j) (3.43)

If the probability distribution is unimodal, it can now be written as

P (X|data) ∝ exp

(

1

2
(X − X0)

T · ∇∇L(X0) · (X − X0)

)

(3.44)

where X = [x1, . . . , xM ]T is the coordinate vector and X0 = [x01, . . . , x0M ]T is the

solution vector. This methods is not applicable for multimodal probability distri-

butions. The errors can now be estimated by calculating the standard deviation of

this multivariate Gaussian. It is important to note that the standard deviation of

the multivariate Gaussian along any coordinate axis need not be the right estimate

since there can be correlations. This case is shown in Fig. 12 for the case of a two

dimensional distribution. The correct way to infer the error bars for a multivariate

Gaussian is described in [31]. The ij-th element of the covariance matrix is defined

by

(σ)ij = 〈(xi − x0i)(xj − x0j)〉 (3.45)
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Figure 12: Marginalized error bar and best fit width along the according direction
for the example of a two dimensional distribution.

Moving the coordinate center to X0 leads to the integral

(σ)ij =
1

Z

∫ ∞

−∞
xi xj exp

(

−1

2
xT · ∇2L · x

)

dNx

=
1

Z

∫ ∞

−∞
xi xj exp

(

−1

2

N
∑

k=1

N
∑

l=1

xk xl

(

∇2L
)

kl

)

dNx

= −2
∂

∂ (∇2L)ij

(ln(Z))

=
∂

∂ (∇2L)ij

{

ln
(

det(∇2L)
)}

(3.46)

since

Z =

∫ ∞

−∞
exp

(

−1

2

N
∑

k=1

N
∑

l=1

xk xl

(

∇2L
)

ij

)

dNx

=
(2π)N/2

√

det(∇2L)
(3.47)

is the normalization constant of a multivariate Gaussian distribution. The determi-
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nant of a matrix A can be calculated by

det(A) =
∑

j

Aij Cij =
∑

j

Aij (−1)i+jMij (3.48)

where Mij is the ij-th minor of A and Cij is called cofactor. Differentiating a deter-

minant with respect to Aij is therefore in the case of A = ∇2L:

∂

∂ (∇2L)ij

(

det(∇2L)
)

= Cij (3.49)

Using this in Eq. (3.46) gives the simple result

(σ2)ij =
Cij

det(∇2L)ij

(3.50)

the right hand side is just the definition of the inverse of (∇2L)ij since it is a symmetric

matrix. The covariance matrix therefore

σ2 = (∇2L)−1 (3.51)

Hence, the errorbars for the i-th parameter can be calculated by taking the square

root of the i-th diagonal element of the inverse of the second derivative matrix. The

derivatives have been calculated in section 3.5.2.
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Chapter 4

Optimization Algorithms

The previous chapter was concerned with finding and calculating cost functions which

assign measures of preference to a given set of model parameters. The most probable

set of model parameters is determined by the maximum of these functions. Unlike in

the case of the linearized approach, the solution cannot be found analytically. Since

the parameter space is seven dimensional, finding the true, global maximum can be

very difficult. Sophisticated optimization algorithms are needed, which are able to

find the global maximum of the cost functions.

As described earlier, the linear solution can be used as a first guess. As shown

later, this staring point turns out to be close enough to the global maximum, so that

more complex sampling methods are unnecessary. Sampling methods are very useful

in finding the solution in large parameter spaces, but they are usually computationally

intensive and slow. Since a single slice dataset of a DTI measurement contains usually

128×128 or 256×256 voxels, the speed of the algorithm is important.

The following sections introduces two different approaches of optimization algo-

rithms, the Nelder-Mead-Simplex method using only function values and the Modified

Full Newton method which also depends on derivatives of the log posterior probability.
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4.1 The Nelder-Mead-Simplex Method

The Nelder-Mead-Simplex Method is a direct method, not depending on derivatives

of the objective function, only on function values. It is a very reliable method for

maximizing in bumpy parameter spaces, however it is not very efficient in the number

of function evaluations [41].

Instead of one single point, which gets easily stuck in a local bump, a surface

is used. A surface contains more information about the shape of the parameter

space than a single point. This method uses a simplex, which is a geometrical figure

consisting of N+1 points in N dimensions. In a two-dimensional parameter space, this

would be a triangle (degeneracies such as three collinear points, are to be avoided). If

this simplex is positioned near a peak, the simplex can climb up to the top by some

simple rules:

Reflection: The worst point is selected and reflected through the centroid of the other

N points. This step is shown in Figure 13. If the new found point is better than

the old one, it is accepted. By reflection, the volume of the simplex is conserved and

degeneracy is avoided.

Reflection with Expansion: If the new point is better than the old one (like above)

and even better than the best point, then it seems valuable to explore further in

this direction. Therefore the point is not only reflected but moved further in this

direction.

Contraction: If the reflected point is worse than the original point, then it was moved

too far in this direction. Hence the point between the centroid and the reflected point

is evaluated. If this is not acceptable, the reflection of this point will be evaluated

and used if it turns out to be better.

Shrinking: If all the above mentioned methods do not find an new acceptable point,

then the top of the peak is probably within the simplex. To narrow the result down,
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the simplex is contracted in each direction around the best point and the algorithm

continues. The size of the simplex can be used for a termination rule. For example, if

all sides of the simplex are smaller than a given tolerance value, the algorithm stops.

This methods is easy to implement, depends only on the function values, and is quite

Figure 13: This shows one step of the simplex in a two dimensional parameter space.
The worst point is reflected and accepted as a new point.

robust if the starting point is not too far from the maximum. It also can handle some

types of discontinuities. The major drawback is that the large number of function

evaluations makes it quite slow.

4.2 The Modified Full Newton Method

Some of the most commonly used optimization methods are the Newton, Gauss-

Newton, Modified-Newton, and related methods. In this section, the main idea of
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these methods will be discussed. We will then focus on the Modified Full Newton

(MFN) Method as used in [36].

A one dimensional function can locally be approximated by a Taylor expansion

f(x + δ) ≈ f(x) + f ′(x) · δ +
1

2
f ′′(x) · δ2. (4.1)

The best step size δ can be found by the zero of the derivative of Eq. (4.1) with

respect to δ

d

dδ
f(x + δ) ≈ f ′(x) + f ′′(x) · δ !

= 0, (4.2)

the solution of which gives

δ = − f ′(x)

f ′′(x)
. (4.3)

Therefore the function value can be found by the iteration scheme [42]:

xk+1 = xk −
f ′(xk)

f ′′(xk)
. (4.4)

The same approach can be used for optimization of multidimensional functions. Ac-

cording to [31], the Taylor expansion is given by

f(x + δ) ≈ f(x) + δT · ∇f(x) +
1

2
δT · ∇∇f(x) · δ. (4.5)

The derivative with respect to δ is

∇δf((x) + δ) = ∇f(x) + ∇∇f(x)δ, (4.6)

which is set to zero and rewritten as

H(x) · δ = −∇f(x). (4.7)

Here H(x) denotes the Hessian matrix, which is composed of the second derivatives
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of f(x). An iteration method can again be used to botain a solution:

xk+1 = xk −H−1(xk) · ∇f(xk) (4.8)

This method is called the Newton − Raphson method. In practice, the normal

Hessian matrix H(x) is not always used, but instead approximations are used in

order to improve speed or robustness of the algorithm. One approach is called the

Gauss − Newton method. In the case of least squares optimization, the Hessian

consists of first and second derivatives of the residual function,

HLS(x) = JT (x)J(x) +
∑

i

ri(x) ∇∇ri(x). (4.9)

The second derivatives of the residual functions are dropped in the Gauss-Newton

method, since they are small and computationally expensive. However, if these terms

are not small, this method may fail to converge or converge slowly [42].

Another approach – called the Levenberg-Marquardt method – uses the Gauss-

Newton Hessian and adds the identity matrix multiplied by a small positive constant

to the Hessian. The constant is called the Levenberg-Marquardt parameter.

Adding constant terms to the diagonal of the Hessian does not change the direc-

tions of its eigenvectors, it only adds a constant to the eigenvalues:

(H(x) + c 1) ei = (λi + c) ei (4.10)

The scale of the step size depends on the inverse of the Hessian as can be seen in

Eq. (4.8). The inverse of a matrix is related to the reciprocal of its determinant [31].

Adding small diagonal elements to the Hessian prevents its determinant from getting

too small – which would cause the step size to become too big.

Big steps are acceptable during the first iteration steps. As the algorithms ap-

proaches the peak the steps should become smaller. Hence the Levenberg-Marquardt
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parameter should initially be set to zero and be adjusted during the iteration process.

A recipe on how to do this can be found in [41].

The Modified Full Newton (MFN) method is identical to the Levenberg-Marquard

method, except that it uses the full Hessian and not the simplified Gauss-Newton

Hessian. For the estimation of the diffusion tensor with a Rician likelihood, the MFN

and the Nelder-Mead method were compared. It was found that the MFN method

was not significantly faster since the derivatives are computationally very intensive.

The simplex method is therefore preferred due to its higher robustness.

Nelder Mead Algorithm

• Many function evaluations but no
second derivatives

• More robust

• Can handle some kinds of disconti-
nuities

⇓
Used for Rician method

Modified Full Newton

• Very fast since derivatives for CNLS
are simple

• Linearized solution is close enough to
the top of the peak

• No discontinuities in posterior distri-
bution

⇓
Used for CNLS method

Figure 14: Comparison of the Nelder-Mead simplex method and the MFN method
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Chapter 5

Results

5.1 Parameter Space

The choice of optimization algorithm depends on both the size and shape of the pa-

rameter space. In one or two dimensions it may still be possible to evaluate enough

points in the parameter space to find the global solution. In high-dimensional param-

eter spaces the number of function evaluations would be too big to use this brute-force

exhaustive-search approach. In these cases, sampling algorithms relying on Monte-

Carlo methods are needed to explore the space and to find the global solution.

In the case of the estimation of the diffusion tensor, one can take advantage of the

linearizable model. The linearized solution, as mentioned in section 3.2, has the big

advantage of its speed. Since it can be calculated directly, its computation can be

done within the order of 10−4 s on a 2 GHz Computer. This solution does not take

the correct noise distribution into account but it is close enough to the real solution

to be used as a starting point for further optimization methods. Close enough in this

case means, that it is already on the correct peak in the seven-dimensional parameter

space. This is shown in Fig. 15 a) and b), where both show a two-dimensional slice

through the parameter space close to the true solution. It can be seen that the correc

maximum is found by the algorithm. It is also obvious that both, the MFN-CNLS
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and the Rician method are closer to the true solution than the linear solution. The

linear solution, however, needs not be positive definite. The linear solution shown

in Fig. 15 is modified to be positive definite (as shown in section 3.3) and used as

a starting point for the different non-linear methods. It should be noted that the

surface shown in Fig. 15 is the space of the Rician posterior distribution, therefore

the CNLS solution is not positioned on top of the peak.

Fig. 16 shows another two-dimensional slice trough the parameter space. The

uniformly dark blue colored area is forbidden since it would lead to a non positive-

definite result. The peak is obviously smooth enough for Newton-type optimization

methods. Sampling methods can therefore be avoided. However, Newton-type meth-

ods need first and possibly second derivatives of the log posterior probability which

have been derived in section 3.5.2. These are computationally quite intensive which

slows down the algorithm. Therefore, direct methods relying only on function values,

which can be calculated faster, need not be slower.

However, the fact that the distribution is unimodal makes it possible to use the

error estimation method discussed in section 3.5.4. The width of the peak, which is

a measure of the uncertainty of the solution, is estimated from the second derivatives

of the log posterior probbility at the maximum.
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(a) Slice along D1-D2 plane

(b) Slice along D1-D6 plane

Figure 15: Example of two slices through the Rician parameter space for a dataset
with SNR = 5. The positions of the different solutions are marked with lines. The
blue ellipse shows the error estimates for the Rician estimate.
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Figure 16: Example of a slice through the Rician parameter space with a wide field
of view. The dark blue area is forbidden by the positive definiteness constraint.
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5.2 Diffusion Tensor Estimates

Several typical tensors were tested with different SNRs. The linearized, the MFN-

CNLS, and the introduced Rician probability method were compared. To obtain

results that can be compared to [36] the same 23 gradient vectors (after [43]) and

b-factors were used. For each gradient direction the b-factors 50, 500 and 1000 were

used resulting in 69 data points for each data set. The unweighted signal is assumed

to be 1000 arbitrary units, and the true signal is computed with these vectors and

b-factors using Eq. (2.22). The noise can then be simulated by the following formula

Si =
√

(Ai + N(0, σ))2 + N(0, σ)2 (5.1)

resulting in Rician distributed data. Here Ai denotes the true signal amplitude from

Eq. (2.22). For each tensor, 10 000 measurements were simulated and used to test

both algorithms. Typical results for the entries of the diffusion tensor are shown in

Fig. 17. It can be seen, that the accuracy of the MFN-CNLS and the Rician method

is similar for the off-diagonal terms (D2, D3, D5), however the width of the MFN-

CNLS estimates is slightly smaller. The true solution is marked with a vertical line

from which can be seen, that the MFN-CNLS method is inaccurate for the diagonal

terms (D1, D4, D6). This results in a bias of the trace estimate which is shown for

SNR = 5 and SNR = 15 in Fig. 18. The bias and width of the estimates has been

measured for both methods and different signal to noise ratios as shown in Fig. 19.

The Rician estimate shows a small positive bias here. This bias seems to depend on

the chosen tensor. It was tested for several tensors and unlike the MFN-CNLS bias

its does not generally over- or underestimate the trace.
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Figure 17: Estimates for the elements of the diffusion tensor.
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Figure 18: Estimates for the traces of the diffusion tensor for a) SNR = 5 and b)
SNR = 15.
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Figure 19: The mean bias for four dif-
ferent tensor traces plotted versus the
SNR. It can be seen that the Rician so-
lution is significantly less biased than
the MFN-CNLS.

4 6 8 10 12 14 16
4

6

8

10

12

14

16

SNR

st
.

d
ev

.
[%

]

 

 

Rician estimate
MFN-CNLS estimate

Figure 20: The standard deviation of
the error distribution for both methods.
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5.3 Error Estimates

The errors for each estimate can be calculated using the inverse of the second deriva-

tive matrix as discussed in section 3.5.4. The marginalized error bars are given by

the square root of ∇2L while the off-diagonal terms describe the correlation of the

parameters.

The reliability of the error estimates was tested by simulated data, each contain-

ing 104 datasets. Each measurement consists of 69 directed measurements for 23

directions and three different b-factors.

A histogram1 of the estimated error bars is shown in Fig. 21. Since the data is

simulated, the true solution is known and can be used to test the estimated errorbars.

The mean of the estimated errorbars was found to be 4.99 %. In the case of Fig. 21

the true solution was 73.61 % of the time within the errorbars. For other simulations

with different tensors, this value was always found to be around 70%. This indicates

that our error bars are slightly conservative. The fact that this estimation works so

well is due to the unimodality of the posterior distribution.

The off-diagonal terms of the covariance matrix describe the correlations between

the parameters. It was found that the diagonal terms are negatively correlated,

whereas the correlations between off-diagonal/off-diagonal and diagonal/off-diagonal

terms are small.

1 The number of bins for all histograms was calculated by the optBINS package by Knuth [44]

56

http://knuthlab.rit.albany.edu/optBINS.html


4.4 4.6 4.8 5 5.2 5.4 5.6 5.8 6
0

0.02

0.04

0.06

0.08

0.1

0.12

rel. Error [%]

F
re

q
u
en

cy

 

 

frequency of error

Figure 21: Histogram of the distribution of the error estimates for the covariance
method. The mean error is 4.99 %. The true solution lies within the estimated
errorbars in 73.61 % of the cases. The SNR of this simulation is 15.

5.4 Conclusions

The method for diffusion tensor estimation presented in this work was shown to be

more accurate than the MFN-CNLS method. It does not generally underestimate the

diagonal terms since it uses the Rician likelihood function which represents the true

distribution of errors in magnitude MRI data. For large signal to noise ratios, both

methods produce almost equal results since the Gaussian distribution is the limit of

the Rice distribution for large σ. The errorbars were shown to produce reasonable

results. In about 70 % of the cases, the true solutions lie within the errorbars, which

indicates that our error bar estimates are safely on the conservative side.

One drawback of this method is the reduced speed due to the more complicated
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objective function. On a 2 GHz computer, the average time for a SNR= 5 CNLS-

MFN estimation was 0.046 s. The Rician method as uncompiled Matlab R© code takes

about 1.119 s for one estimation which is a factor of ≈ 25 slower. The speed and

the precision of the estimates might be improved by further optimization of the code.

Compiling the code should also yield significant speed improvements.
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[15] A. Einstein, Über die von der molekularkinetischen Theorie der Wärme
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Appendix A

Marginalized Rice Distribution

If the standard deviation of a Gaussian probability distribution is unknown, it can

be marginalized with Jeffrey’s Prior resulting in the Student-t distribution. This

section shows the marginalization of the Rice distribution over σ. The marginalization

integral with Jeffreys Prior (given by 1/σ) is

P (M |A) =

∫ ∞

0

1

σ

M

σ2
e−

M2+A2

2σ2 I0

(

A M

σ2

)

(A.1)

M A
σ2 is substituted by x:

dx = −2 M · A
σ2

dσ = − 2√
M · A

x
3
2 dσ (A.2)

The minus sign is absorbed by changing the direction of integration.

P (M |A) =
1

2A

∫ ∞

0

e−
M2+A2

2σ2 x · I0

(

MA

σ2

)

dx (A.3)

For simplicity, let α = M2+A2

σ2 .

According to [29], the modified Bessel function of the first kind can be written as

I0(x) =
1

π

∫ π

0

ex·cos θdθ. (A.4)
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Substituting into Eq. (A.3) yields

P (M |A) =
1

2πA

∫ ∞

0

∫ π

0

e−α x ex cos θ dx dθ. (A.5)

Now the integration over x can be carried out:

P (M |A) =
1

2πA

∫ π

0

{

− 1

α − cos θ
·
[

e−x(α−cosθ)
]∞
0

}

dθ

=
1

2πA

∫ π

0

1

α − cos θ
dθ (A.6)

This integral can be found in [38] which leads to

P (M |A) =
1

2πA
·





2 arctan
(

(1+α) tan θ
2√

α2−1

)

√
α2 − 1





π

0

. (A.7)

Further simplification leads to the simple final result:

P (M |A) =
M

|M2 − A2| (A.8)

However this distribution is not normalizable since the integral over M does not

converge.
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Appendix B

Table of Acronyms

CNLS . . . . . . . . Constrained Nonlinear Least Squares

DTI . . . . . . . . . . Diffusion Tensor Imaging

DWI . . . . . . . . . Diffusion Weighted Imaging

fMRI . . . . . . . . . functional Magnetic Resonance Imaging

MFN . . . . . . . . . Modified Full Newton

MRI . . . . . . . . . Magnetic Resonance Imaging

NMR . . . . . . . . Nuclear Magnetic Resonance

RF . . . . . . . . . . . Radio Frequency

SNR . . . . . . . . . Signal to Noise Ratio
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